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IbJIaralOTCH nonxonsr K MaTeMaT.lflIecKoMY MOl1emlpOBaHl1lO MeXaHI13MOB, JIe:IKaI.L\IIx B OCHOBe 1lI11­

pOKO IICnOJIh3yeMhlx B 6IIOJIOrIIlI II MeAIIIJ,IIHe MeTOAOB KOppeml.IJ,110HHOli anarrrowerpaa. IIoCTpo­

enae 6a31IpyeTcH na KOHCTpyKIJ,lIHX, JIe:IKaI.L\lIX B OCHOBe Onl1CaHIIH CTpyKTypl1poBaHHhIX 6l1oJIorl1­

QeCKI1X CliCTeM, BKJIlO"IaH paspaooraaayro AJI5\.HliX TexHIIKy IICnOJIh30BaHII51 CBOllCTB 3BOJIIOIJ,IIOH­

HOll OrrTIIMaJIhHOCTI1. IIpIIBOAHTCH rrprrMephI IICnOJIh30BaHII51 onnoro II3 TaKIlX MeTOAoB K OIJ,eHKe

B03AellCTBIIH ¢aKTopOB cpensi na KOHKpeTHhle 6IIOJIOrWleCKIIe nonyJIHIJ,IIII. bII6JI. 12.

1. BBE.D:EHI1E

I13MeHeHlIe KOppeJI5IlI,IlU Me)J.(.Qy q,lI3IlOJIOrWleCKIiMlI napaaerpasra opranaaaon npn B03HIlKHOBe­
HIlIi BHeuIHeH HarpY3KIl ua nonynsunno B HaCT05IIlI,ee BpeM5I MO)J.(eT CqIlTaTbC5I y)J.(e .QOCTaTOqHO npose­
peHHbIM HayqHbIM q,aKToM 3MrrIlplIqeCKOrO xapaxrepa [1]-[4]. Flonsrrxa xoacrpyaponaaas nonxona
.QJI5I 06'h5ICHeHIl5I aroro 5IBJIeHIl5I na yposne MaTeMaTIlqeCKOrO MO.QeJIlipOBaHlI5l, 6a3IlpyIOIlI,lIeC5I aa lIC­
rrOJIb30BaHlIli rrpamtanos 3BOJIIOlI,IlOHHOU OrrTIiMaJIbHOCTIi II anarrranan B YCJIOBIl5IX nonadiaxropnam­
HOCTIi [5], HaWJIlI csoe orpaxcenae B paoorax [6], [7], rue rrOMlIMO qlICTO TeOpeTIlqeCKlIX pe3YJIhTaTOB
npencrasneaa TaK)J.(e MeTop,IlKa KOppeJI5IlI,lloHHOro aHaJIIl3a KOHKpeTHblx .QaHHbIX.

Harne IlCCJIe.QOBaHlie orrpenenennsnr o6pa30M onapaerca ira pe3YJIbTaTbI, lI3JIO)J.(eHHhle B yrrOM5I­
HyTbIX paoorax, ocorienao na re Il3 HIlX, xoropsie OTHOC5ITC5I K npaxrasecxaa paccMOTpeHlI5IM. O.QHa­
KO ecrr, p5I.Q npmurarraansnstx OTJIIlqllU B KOHlI,errTyaJIbHOU OCHOBe acnom.ayeuoro 3.QeCh nonxona K
MaTeMaTIlqeCKOMY MO.QeJIlipOBaHlIIO nccnenyeasrx 5IBJIeHIlH.

1. B npennaraeuoa HaMIl nonxone B neirrpe BHIlMaHIl5I OKa3bIBaeTC5I MO.QeJIlipOBaHlIe lIMeHHO lI3­
MeHeHIlU KOppeJI5I1I,lIOHHhIX xapaxrepacrnx q,Il3lIOJIOrllqeCKlIX napauerpoa rrorrYJI5I1I,IllI npa lI3MeHe­
HIlIi BJIlI5IHIl5I na nee BHeWHIlX rpaxropos, a He KaKIlX-JIIl60 npyrnx rrponeccos, rr03BOJI5IIOIlI,lIX nasari,
KOHlI,errTyaJIbHOe 06'h5ICHeHHe rrO.Qo6Hb1M Il3MeHeHIl5IM. OCHOBOU .QJI5I sroro CJIy)J.(HT npencrasnenae 0
rrorrYJI5I1I,IlH KaK 0 conoxynnocra ocooea, pacnpeneneaasrx B 06JIaCTli rrpOCTpaHCTBa rrapaxrerpoa,
IlMeIOIlI,llx rro.QXO.Q5IIlI,Ile 3aKOHbI nepepacnpeneneaas.

2. MexaHlI3MbI anarrrauna K BHeWHIlM B03.QeHcTBH5IM MoryT 6bITb caMbIMIi rrpOH3BOJIhHhIMH. B xa­
CTHOCTH,OHIi MoryT nOJIHOCThIO orcyrcrnoaars lIJIH )J.(e, naoriopor, ornetra'rs TeM IlJIlI HHblM YCJIOBlI5IM
OrrTHMaJIbHOCTH. Bo BC5IKOM cnyxae, lICKJIIOqaeTC5I Heo6xo.QHMOCTb sarrporpasoaapoaauaoro yxera
BceB03MO)J.(HbIX B03.QeucTBHu, KOTOpbIU, na Haw B3rJI5I.Q, xpaiiae nepeanacrn-ren B YCJIOBlI5IX JIOKaJIh­
noro 3BOJIlOlI,IlOHHOro oroopa.

3. Msr crapaexrca lI36eraTb rrO.QXO.QOB, OCHOBaHHblX aa )J.(eCTKHX MaTeMaTIlqeCKHX KOHCTpyKll,lI5IX.
3TO osaaxae'r, "ITO MbI B 60JIhWeU CTeneHH nesroncrpapyea B03MO)J.(HOCTlI lICrrOJIh30BaHlI5I sreronoa
MaTeMaTIlqeCKOrO MO.QeJIlIpOBaHIl5I .QJI5I onacaaas KOHKpeTHblx 6IlOJIOrIlQeCKHX 5IBJIeHlIU Il B3alIMOCB5I­
3eu, QeM .QJI5I KOHcTpylIpoBaHIl5I peaJIbHbIX rrporHOCTIlQeCKIi 3HaQIlMbIX MO.QeJIeU.

2. KOHUEIITYAnbHA5I M0.D:Enb

Paccvorpaa HeKyIO a6CTpaK'fHyIO nonynauato, OC06H KOTOpOU MoryT OTJIlIQaTbC5I npvr OT npyra
He TOJIbKO CBOlIM MeCTOrrOJIO)J.(eHlIeM B rrpOCTpaHCTBe, HO H HeKOTopbIMlIIlH.QlIBlI.QyaJIbHbIMlI npasna­
KaMIi. 3TIl rtpasnaxa MoryT 6blTb IJ,IlCKpeTHbIMlI, uenpepsrausnra, B 60JIbWeH lIJIIi MeHbweH crenean

1)Pa60Ta BbIITOJIHeHa npn q:mHaHcoBoM nonnepacxe P<I><I>l1. (KOI1 npoexra 01-01-00965).
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CB5I3aHHbIMlI npyr Cnpyross lInllllMelO~lIMlIfionsnree lInll MeHblllee saa-reaae CTOqKlI 3peHlI5I nana­
MlIKll qllCJIeHHOCTll rrorrynanaa. B cnysae 1I30nllpOBaHHoHnorrynxnaa ee onacanne KaK gllHaMlIqeCKO­
ro aHCaM6JI5I qaCTlIIJ; B npocrpaacrse npaaaaxoa xrorno 6bI 6bITb nocraro-rao TOqHO peanasoaano B
repsmaax Teopllll Mepb!. Ilpa 3TOM B ycnosasx nocraro-mo 60nbllloH qllCneHHOCTlIcocpenoro-renasie
MepbI nocraro-rao TOqHO (B cnaooa CMbIcne, T.e. rrpa nx TpaKToBKe KaK epYHKIJ;1I0HanOB na npocrpan­
CTBe epYHKIJ;llH OTnpnaaaxon) Morn1l6bI 6bITb annpoxcaaapoaarrsr aenpepsraasnor epYHKIJ;lI5IMlI pac­
npenenenna (gn5I nenpepsrsasrx napaaerpos). Harm-rae )l(eCTKlIX (ana He oxeas) B3allMOCB5I3eH Me)l(­
ny napanerpasor npa 3TOM COOTBeTCTBOBano 6bI cocpenoroneamo sanaroutax Mep na (COOTBeTCTBeH­
HO, B OKpeCTHOCTlI) MHoro06pa3ll5IX, onpenenaromax 3Tll B3allMOCB5I3ll. 06naCTb gonYCTlIMbIX
3HaqeHlIH napauerpos BIIonHe eCTeCTBeHHO B TaKOH KOHCTpyKIJ;lIl1 c-nrrart, orpana-reaaon. 3aMeTlIM,
qTO cnpasennaaocn, 3TOH rarroressr, nocraro-mo COMHlITenbHOH na 60nblllllX spenenax, geMoHcTpll­
pytoumx cymecrnenasre pesym.ra'rsr 3BOnlOIJ;llOHHOro npouecca, BIIonHe o-ieannaa BO BpeMeHHhIX
paxrxax onnoro rroxozreana (see peKOpJ-lCMeHbI narrepever). Kpoxre roro, J-lnH HeKOTopbIX napaxrerpos
(TaKlIX, KaK, nanpauep, renneparypa) cy~eCTBYIOTeCTeCTBeHHbIe (ep1l311qeCKlIe) rpamursr, nepexon
-repes xoropare rrpamranaansno ncxmo-raer B03MO)l(HOCTb 6110nOrllqeCKOrO cy~ecTBOBaHlI5I. I'pana­
ny gOIlYCTllMOH06JIaCTll snonae eCTeCTBeHHO CqllTaTb py6e)l(OM, qepe3 KOTOpbIH oc0611B )l(llBOM sane
neperrra He sroryr. Tlpa npll6nll)l(eHlIlI K HeMy ona n1l60 rll6HyT (B crryxae OTCyTCTBlI5I 6ll0nOrllqeCKO­
ro KOHTpOn5I sa 3TlIM np1l6nll)l(eHlIeM), n1l60 TOpM035IT cnoe nsnxcenae II naace OTKaTbIBaIOTC5I nasan
(B cnyxae HaJIllqll5I CllJIbHbIX KOHTponllpYIO~lIX MexaHll3MOB agauTaIJ;1I0HHOro rana, n03BOn5IlO~llX

KOMneHCHpOBaTh nerinarorrpaarnsre ll3MeHeHllH). B03MO)l(HhIe nposrescyro-msre sapaaarsr COOTBeT­
CTBylOT paanasnon crerrean pa3BllTOCTlI anarrrauaomnax MexaH1I3MOB.

3aMeTlIM, qTO npa TaKOHmrrepnperanaa ananranna y-nrn.maem.re napasrerpsr cnenyer OTHOCllTb
He K paspany aaeunmx II nasce He K paspsny BHyTpeHHlIX peaKIJ;lIH opraaasua na nneunme B03geHcT­
BlI5I, a rraun, K paspsny BHyTpeHHllX, OTBeqalO~lIX aa npouecc epyHKlI,1I0HlIpOBaHll5I opramrma na epll­
3110nOrllqeCKOM (a naace KneTOqHOM) yponne. TaK, aarrpnnep, ysreasmeaae conepacaana xacnopona B
nocrynatourest sosnyxe npllBogllT TaK)I(e K YMeHbllleHlIlO ero xonuerrrpanaa B KpOBlI II 3aTeM - KaK
OTBeTHOH peaxnan opranaasra - K ysarnenaro cepmreoaenaa, KOMneHcllpyIOI.I.I,erO ero nonavy K OT­
genbHbIM KneTKaM. Ilapaaerposs snecs MO)l(eT cnyacars nann. qllCneHHa5I xapaxrepacrnxa nocnen­
HeH, TaK qTO ee nepnonasansnoe coxpanienae Bpesym.rare onacaanoro nneunrero B03J-leHCTBlI5I 1I110­
CJIegYIO~ee BOCCTaHOBneHlIe B peaym.rare OTBeTHOH (aganTall,1I0HHOH) peaxnna opraaaaua snomre
COOTBeTcTByeT onacannoa nsnue cxexre np1l6nll)l(eHlI5I K rpaanue 06naCTlI gOIlYCTlIMOCTlI 1Inocneny­
routero OTKaTa OTHee.

3aKOHbI, ynpaansuoume nepejaeutenasnra egllHlIqHOH oc0611B npOCTpaHCTBe napasrerpoa, gon)l(HbI
BbIBOgllTbCH srronae eCTeCTBeHHbIM 06pa30M 113 KOHKpeTHbIX MaTeMaTllqeCKI1X MogeJIeH, OTHOC5II.I.I,llX­
C5I K gllHaMlIKe 3TlIX napasrerpoa.

Cxesra, 0603HaqeHHa5I asnne, nOMlIMO CBoeH nenom.eanocrn C TOqKlI 3peHlI5I B03MO)l(HOCTeH ee
conepscarensaoro HanOnHeHlI5I1ITeOpeTlIqeCKOrO nccnenonanaa lIMeeT onan npllHlI,lInllanbHbIH neno­
CTaTOK: OHa nenparonna gn5I lICCJIegoBaHlIH B MaCllITa6ax nonyrrsnaa KaK 1I3-3apacnorrsanax cpaBHlI­
rerrsno neoonsuroro aHCaM6n5I no 06naCTlI BeCbMa 60nblllOH pa3MepHOCTlI (3TOT nenocrarox MO)l(HO
6bInO 6bI npeononerr., paCCMaTpllBa5I gllHaMlIKY Mep, COOTBeTCTBYIO~lIX Bep05ITHOCTHbIM pacnpene­
JIeHI1HM), TaK H no npnxaae B3allMHoro aanosceaas norpenraocrea, CB5I3aHHbIX C HeTOqHOCTblO KaK
KOHKpeTHbIX napasrerpon, TaK II (nony-)3MnllpllqeCKlIX 3aKOHOB, onpenenaronrax naaasrnxy 1I3MeHe­
Hll5I nocnennax.

~lT06hI cnenars onl1caHHYIO cxexry oonee lInll xreaee peaJIlICTllqHOH, cnenyer, na nanr B3rn5Ig, npo­
nerrari, cnenyrourae ynpomenaa.

Bo-nepasrx, MaKCHManhHO ynpocrnrr, yser 3aKOHOB, onpegen5IIOI.I.I,lIX gHHaMlIKY 1I3MeHeHlI5I napa­
MeTpOBocooa. Tlpa 3TOMcxesra, KOHeqHO, aBTOMaTlIqeCKllnepexonar Bpa3p5Ig lInnIOCTpaTllBHbIX, on­
HaKO OHaTeM He MeHee 6ygeT no-npeacaesry orpazcart. KaqeCTBeHHbIe CBOHCTBa gllHaMlIKlI pacnpege­
neHlIH. TaK, HanpllMep, ecnll nepeMe~eHlIeoc06eH Ha KaKOM-TO MHoro06pa3llll B npocTpaHcTBe na­
paMeTpoB lIMeeT xapaKTep 6ny)l()J;aHllH, TO npoll,eCC TaKllX nepeMe~eHlIH MO)l(HO 6bInO 6bI CqllTaTb
MapKOBCKlIM CgocTaTOqHO npOCThIMH ynpaBn5IIO~HMlI 3aKOHaMlI. B 3TOM cnyqae BJIlI5IHlle BHelllHlIX
B03geHcTBlIH, npllBog5IllI,HX K B03HllKHOBeHlIIO CMe~eHlIH B HeKOTopOM HanpaBneHllll, MO)l(HO 6hInO
6hI yqllThIBaTb nocpegcTBoM BBegeHll5IK03epepllll,lIeHTa CHoca, COOTBeTcTBylOI.I.I,erO 3TOMy CMe~eHlIIO.
He CTOllTHanOMHHaTh, qTO Ha1l60nee yg06HbIMlI CTOqKlI 3peHlI5I aHanll3a 5IBn5IIOTC5I JIlIHeHHbIe Moge­
niL

BO-BTOPhIX, CqllTaTh, qTO lIMeeTC5I cpaBHHTenhHO He60nhllloe qllcno HenpephIBHhIX napaMeTpOB,
CB5I3aHHhIX CgllHaMlIKOH qllCneHHOCTlI nonyn5IlI,lIH. 3Toro MO)I(HO g0611ThC5I, BbI611pa5I B lICXOgHOM Ha­
60pe napaMeTpOB MeHhlllllH Ha60p, OTBeqalO~lIH0603HaqeHHhIM 3p;eCh CBOHCTBaM, 1I paCCMaTpllBa5I
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npoesmno IICXOgHOH CIICTeMhl na COOTBeTcTBylOIlI,ee eMy nonrrpocrpaacrno. B CIIJIy JIIIHeHHOCTII gII­

HaMIIKII, 3Ta npouenypa nesne npojmer KOppeKTHO, KpOMe, 6hlTh MO)l(eT, TOrO MeCTa, KOTOpOe OTHO­

CIITC5I K rrpOeKTIIpOBaHIIlO rpanan 06JIaCTII gorrycTIIMOCTII. Onnaxo Bp5Ig JIll IIMeeT CMhlCJI yqIIThIBaTh

KOJIIIqeCTBO napaaerpos 60JIhIIIee, qeM yqIIThIBaeTC5I B peaJIhHOM 3KCrrepIIMeHTe. BrrOJIHe eCTeCTBeH­

HO raxace CqIITaTh 06JIaCTII lI,IIJIIIHgpIIqeCKIIMII, eCJIII HeII3BeCTHa geTaJIhHa5I crpyxrypa IIX rpaaau qTO

5IBJI5IeTC5I HaII60JIee TIIrrIIqHhlM cnyxaesr. EOJIee TOrO, )l(eCTKIIe B3aIIMOCB5I3II IIHTepeCHhl JIIIIIIh rro­

CTOJIhKY, rrOCKOJIhKY IIHTepeCHa B03MO)l(HOCTh Ha6JIlOgeHII5I KOppeJI5IlI,IIOHHhIX 3<p<peKTOB non nencr­

BIIeM BeKTOpa BHeIIIHIIX B03geHcTBIIH na cyIll,eCTBeHHOM ygaJIeHIIII OT rpanansr 06JIaCTII. TaKIIe CIITy­

all,IIII MoryT B03HIIKaTh TOJIhKO B OKpeCTHOCTII TOqeK OC06eHHOCTeH MHOroo6pa3II5I B3aIIMOCB5I3eH (no

HarrpaBJIeHIIlO aroro sexropa), qTO rperiyer 3HaHII5I ero crpyxrypsr, a 3TO, B CBOlO oxepem., rpeoyer
nocraro-mo XOpOIIIIIX HeJIIIHeHHhlX MogeJIeH, orrIIChIBalOIlI,IIX CBOHCTBa rrapaaerpos. ,IJ,JI5I HaII60JIee

ynorperiarem.asrx, T.e. JIIIHeHHhIX, B3aIIMOCB5I3eH TaKa5I B03MO)l(HOCTh Tep5IeTC5I. Iloarouy Mhl 6ygeM

CqIITaTh, qTO )l(eCTKIIe CB5I3II y napaaerpos OTCyTCTBylOT.

B-TpeThIIX, IICCJIegoBaTh TOJIhKO caxrsre npocrsre (KpaHHIIe) CJIyqaII MogeJIhHOH rrOCTaHOBKII sana­
qII gJI5I casrsrx npocrsrx BhIIIYKJIhlX 06JIaCTeH C TeM, qTo6hl OTpa3IITh JIIIIIIh OCHOBHhle TeHgeHlI,IIII npn
Tex IIJIII IIHhlX peKoHcTpyKlI,II5IX paCCMaTpIIBaeMhlX MogeJIeH.

3. EA30BA5I MATEMATI1QECKA5I MO,IJ,EJIb

EygeM gJI5I orrpegeJIeHHOCTII CqIITaTh napanerpsr pacnpenenenas MogeJIIIpyeMoH CIICTeMhl nenpe­
phIBHhIMII. C'IIITaeM TaK)I(e, qTO qIICJIO n 3TIIX napasrerpon KOHeqHO II MHO)l(eCTBO IIX nonycraasrx

3HaqeHIIH orpamrteao, TaK qTO K~hIHHa60p MO)l(eT 6hlTh orracan uexoropsna 3JIeMeHTOM x E .Q c lit.
IlpII 3TOM OrpaHIIqeHHa5I 06JIaCTh .Q (o6JIaCTh roneocraaaca) 5IBJI5IeTC5I <pIIKcIIpoBaHHoH (qTO COOT­

BeTcTByeT MaJIOCTII paccnarpaaaexn.rx xapaxrepnsrx spenea no cpaBHeHIIlO C BpeMeHaMII 3BOJIlOlI,II­

OHHhlX II3MeHeHIIH) II IIMeeT nocra'ro-mo rnanxyro rpanauy ao. Ilocnennee Tpe60BaHIIe 5IBJI5IeTC5I qH­

CTO TeXHIIqeCKHM II gaJIeKO He scerna BhIIIOJIH5IeTC5I naace gJI5I 06JIaCTeH, 5IBJI5IlOIlI,IIXC5I npOeKlI,II5IMH

06JIaCTeH aa rJIagKIIx MHoroo6pa3II5IX. EOJIee roro, 'raxoe OrpaHIIqeHIIe IICKJIlOqaeT B03MO)l(HOCTh

paCCMOTpeHII5I B xa-recrse 06JIaCTII nOJIO)l(IITeJIhHOrO xonyca (qTO 5IBJI5IeTC5I OCHOBOH gJI5I ysera CII­

nepra-nnax rpyrrn (CM. [7]). Onnaxo B ero onpasnanae cnenyer OTMeTIITh, qTO, B OTJIIIqIIe OT BHeIIIHHX

<paKTopOB, BHyTpeHHIIe <pII3IIOJIOrIIqeCKIIe napaxrerpst opranaana xpaaae penxo lIMelOT B xaxecrae

CBOIIX nonycrasn.rx 3HaqeHIIH nyrreasre.
,IJ,aJIee 6ygeM CqIITaTh, qTO II3MeHeHII5I rrapaxrerpon oTgeJIhHO B35ITOH OC06II MoryT 6hlTh onacansr

uenpepsrsnsm MapKOBCKIIM nponeccosr gII<P<PY3HOHHoro TIIna. B OTCyTcTBIIe cnoca IIX gIIHaMIIKa CO­

OTBeTcTByeT KapTIIHe, B03HIIKalOIlI,eH npa 6pOyHOBCKOM gBH)I(eHIIII qaCTIIlI, (B HaIIIeH nOCTaHOBKe ­

oco6eH B 06JIaCTII gonycTIIMoCTII napaaerpos). B YCJIOBII5IX nOJIHOrO OTCyTCTBII5I IIH<popMall,IIII 0 Me­

xaHII3Max, ynpaBJI5IlOIlI,HX IIX nepeMeIll,eHII5IMII, 3TO BnOJIHe npHeMJIeMa5I MogeJIh, TeM 60JIee qTO OHa

paCCMaTpIIBaeTC5I He gJI5I II30JIHpOBaHHOH OCo6H, a gJI5I nonYJI5IlI,IIII B lI,eJIOM, TaK qTO BC5IKIIe HeTOqHO­

CTII B y-tere nepesremeaaa OC06II, He IIMelOIlI,IIe CIICTeMaTIIqeCKOrO xapaxrepa (CIICTeMaTIIqeCKIIe CO­

CTaBJI5IlOIlI,IIe MO)l(HO OTHeCTII K sexropy caeca), B cpennesr HeHTpaJIII3YlOTC5I IIJIII, 60JIee geTaJIhHO, yx­

JIaghIBalOTC5I B pacrrpenenenae, 6JIH3KOe K HOpMaJIhHoMy, xoropoe KaK paa H cooraercrsyer MexaHII3­

MaM, onpegeJI5IlOIlI,IIM gII<P<PY3IIOHHhIH MapKoBcKIIH npouecc. Torna gJI5I nepexonaoji nJIOTHOCTH

Bep05ITHOCTII paccuarpaaaeaoro MapKoBcKoro nponecca, KOTOpylO B YCJIOBH5IX 60JIhIIIOH qIICJIeHHOC­

TIl nonYJI5IlI,IIII MO)l(HO aCCOll,IIIIpOBaTh C rrJIOTHOCThlO pacnpenenenaa qIICJIeHHOCTII caMOH nonYJI5IlI,IIH

B 0603HaqeHHOH 06JIaCTII npOCTpaHCTBa napaMeTpOB u(x, t), 6ygeM npennonararr, BhIIIOJIHeHHhlM

ypaBHeHIIe KOJIMorop.oBa-<I>oKKepa-IlJIaHKa

o.u = -CVx,bu)+a~xu. (3.1)

3gech a > 0 - nOCT05IHHhIH K03<p<PIIlI,IIeHT gII<p<py3IIII, b =bix, t) - sexrop HanpaBJIeHHOrO caeca, 0 KO­

TOpOM pe-n, nonner qyTh HII)I(e, Vx=(a, , ... , ax ), ax =a/aXi, ~x - oneparop Jlannaca no x.
I n I

1130JIIIpOBaHHocTh nonYJI5IlI,IIII gJI5I TaKOH MogeJIII cocrnercrnyer TOJIhKO cnyxaro HenpOHIIlI,aeMO­

CTII rpanan qTO B anarrrauaoaaoa IIHTepnpeTall,IIII 5IBJI5IeTC5I xpanae IIcKyccTBeHHhlM npennonoacena­

eM. Ilpyroii KpaHHIIH CJIyqaH HyJIeBhlX rpatra-nu.tx yCJIOBIIH COOTBeTcTByeT nOJIHoMy OTCyTCTBIIlO

anarrramra. ,IJ,JI5I TaKOH MaTeMaTIIqeCKOH MogeJIII cranaonapnsre peIIIeHII5I, KpOMe HyJIeBhIX, OTCyTCT-

-A]t 'I
BylOT. Onnaxo BMeCTO HIIX MO)l(HO paCCMaTpIIBaTh 3KCnOHeHlI,IIaJIhHO y6hIBalOIlI,IIe (-e , rue -11.\ -

nepsoe co6CTBeHHoe 3HaqeHIIe oneparopa npasoa qaCTII B (3.1) npa TaKIIX xpaenstx YCJIOBII5IX, pac­

csrarpnnaexroro, nanpavep, B npocrpaacrse L2(O)) C TOqHOCThlO go BpeMeHH6H COCTaBJI5IlOIlI,eH, qTO

coornercrnyer CTall,IIOHapHhlM peIIIeHII5IM B MogeJIII (3.1) C qJIeHOM A\U, go6aBJIeHHhlM B npaayro
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MOAETIbHOE OEOCHOBAHI1E KOPPEJUIlJ,110HH0I1 AAAIITOMETPI1I1 311

xacrr., HMeHHo TaKoH CMhICJI 6y;o;eT HIDKe BKJIa;O;hIBaThcH B nonarae crauaonapaoro penreaas II ;n;ml

npyrnx (rrpOMe)KyTOqHhIX) cnysaen. OCHOBOH ;n;JIH aroro MO)l(eT CJIY)l(llTh TOT rpaxr, qTO xapaxrepnoe

BpeM5I yCTaHOBJIeHlI5I TaKlIX (xsaaa-jcrauaonapasrx peurenaa T2 =A;I (~> Aj , A2 - BTOpOe c06CTBeH­

HOe saaseaae yxasaaaoro ssnne oneparopa) MeHhllle (B 3KcrrOHeHlI,llaJIhHOM CMhICJIe) xapaxrepnoro

spesrena ax BpeMeHHbIX ll3MeHeHllH T, =A~j . ,UJI5I ynoocrsa (qTO nocraraercs ll3MeHeHlleM MaCllITa6a

spevena) MhI MO)l(eM csaran, TaKyIO semrrany Al ;n;OCTaTOqHO MaJIOH (r.e. TI - 60JIhlllllM).

Paccsrorpasr caaxana MO;n;eJIh CllCTeMhI, HaxO;n;51lI.1,eHCH B 3BOJIIOlI,llOHHO YCTaHOBllBllIeMC5I COCT05l­

Hllll, crpopxrapoeasnreacs npa OTCyTCTBllll saemaax B03;o;eHcTBllH. 3TO He oaaanaer BpeMeHHyIO CTa­

lI,llOHapHOCTh CllCTeMhI, a JIlllllh COOTBeTcTByeT TOMy, qTO B CBoeM 3BOJIIOlI,llOHHOM paaaarna cacresra

rrpacnocotianacs K caryauaa, B KOTOpOH sneuraae B03;n;eHCTBlI5I OTCyTCTByIOT. Ha ypoBHe MO;n;eJIll 3TO

osna-raer, qTO B qJIeHe, OTBeqaJOII(eM aa HarrpaBJIeHHhIH CHOC, OTCYTCTByIOT COCTaBJI5IJOII.I,lIe, OTBeTCT­

BeHHhIe sa BHeUIHlle B03MyII(eHlI5I. OTCYTCTBlle saemaax B03;n;eHCTBllH BOBce He oaaaaaer OTCyTCTBlI5I

KaKOH 6bI TO HH 6bIJIO B03MO)KHOCTH anarrranaa K HHM. OTMeTHM erne paa, qTO anarrrauna snecs rro­

HllMaeTC5I aa yponae epH3HOJIOrHqeCKHX rrponeccos opraaassra, TaK qTO He HCKJIIOqaeTCH B03MO)l(­

HOCTh rrpll6JIH)I(eHllH napasrerpos OT;n;eJIhHOrO opraaasaa K rpanaue nouycraxoa 30HhI II naace rrepe­

xon qepe3 nee, qTO COOTBeTcTByeT JIeTaJIhHOMY ncxony, TaKaH JIeTaJIhHOCTh oanaxaer, qTO aa npene­
JIaMll ;n;orrycTllMoH 06JIaCTH KOHlI,eHTpall,HH )KHBhIX ocooen panna HyJIIO. IIcrroJIh30BaHHe

aenpepsransrx B OKpeCTHOCTH 3TOH 06JIaCTH pacnpenenenaa osaasaer BhIIIOJIHeHlle O;n;HOpO;n;HhIX rpa­

HllqHhIX YCJIOBllH ,UllpHXJIe

ulan = O. (3.2)

qTO KaCaeTC5I B03MO)l(HOCTH ananranan ocooen na epll3HOJIOrHqeCKOM yponne, TO B MO;n;eJIll OHa

MO)KeT 6hITh y-rreaa nocpencrscxr qJIeHa HarrpaBJIeHHOrO caoca OT rpaHHIJ;hI 06JIaCTH BOBHyTph ee,

npa-reu 3TOT qJIeH ;n;OJI)I(eH 6hITh OTJIHqHhIM OT HyJIH JIllllIh B ;n;OCTaTOqHO MaJIOH OKpeCTHOCTll rpaaa­
usr. HHTYllTllBHO HCHO, qTO ;n;JI5I MaJIOH TOJIlI.I,HHhI CJIOH, COCTaBJIHIOlI.I,ero TaKyIO OKpeCTHOCTh, C ysena­

qeHHeM qJIeHa HanpaBJIeHHOrO cnoca OT rpannnsr ;O;OJI)KHa B npenene B03HllKaTh caryauna, xorna rrpa
OTCyTCTBllH BHelllHHX B03;n;eHCTBllH B npaaoa qaCTll (3.1) npacyrcrayer TOJIhKO ;n;HepepY3llOHHhIH qJIeH,

a xpaessre yCJIOBlI5I, 6hlTh MO)l(eT, na rpanane MeHhllleH 06JIaCTll cooTBeTcTByIOT YCJIOBllHM nenpoan­
IJ;aeMOCTll -repes rpanauy. B .n;aJIhHeHllIeM TaKOH npenensasni CJIyqaH 6y;o;eT 0603HaqaThC5I KaK CJIyqaH

aenpoaanaeuocra.

4. A,UAIITAUII5I, 3BOTIIOUHOHHA5I OIITHMATIbHOCTb

II rrAHIIqHbIE YCTIOBII5I

B HaCTOHI.I.J,eM pasnene noxazcexr, KaK na OCHOBe 6a30BoH MO;n;eJIll (3.1), (3.2) II npHHIJ;HnOB 3BOJI1O­

IJ;IlOHHOH OrrTllMaJIhHOCTll MO)l(HO nocrpotrrs MO;n;eJIh, B KOTOpOH rpaaausr 06JIaCTll MoryT C HeKOTO­

POH TOqHOCTh1O paccaarpanarscs KaK nenpoaanaexrsre. OCHOBHa51 ll;n;e51 3aKJIIOqaeTCH B TOM, qTO B

OKpeCTHOCTll 3TOH rpanausr npennonararorcs BKJIIOqeHHhIMll MexaHll3MhI OTTaJIKllBaHll5I OT nee, KO­

TophIe MoryT mrrepnperaponarsca KaK MexaHll3MhI peanasanaa ananrauaomnax CBOHCTB opranaaxa
rrpn rrpH6JIll)KeHllll ero napauerpon K rpanane 06JIaCTH rOMeOCTa3a. IIOCKOJIhKY crpyxrypa epOpMll­

pOBaHlI5I TaKllX MexaHll3MOB HOCllT 3BOJIIOIJ;llOltHhIH xapaxrep, TO BrrOJIHe eCTeCTBeHHO onpenenari, ax

rrapauerpsr na OCHOBe npaananos 3BOJIIOIJ;llOHHOH OrrTllMaJIhHOCTll. B03MO)l(HOCTh rrpaxreaeaaa ra­

KllX rrpaananos K Mo.n;eJIHM rana (3.1) 6hIJIa paccaorpena B [8].

IIpH npoaenenaa nOCJIe;O;yIOlI.I,HX nocrpoeana 6y;o;eM OCTaBaThC5I B pasrxax 6a30BoH MO;o;eJIll (3.1),
(3.2), O;n;HaKO napasrerp, 3a;n;aBaeMhlH epyHKlI,lleH b(x), 6y;n;eT HMeTh y)l(e mryro 6llOJIOrllqecKYIO anrep­
nperamno. Baenraae B03;n;eHcTBlIH npennonararorcx OTCyTCTByIOlI.I,llMll. B KOHIJ;e aroro pasnena 6y;n;yT

npanenensr C006pa)KeHIl5I, n03BOJIHIOlI.I,He BOCCTaHOBHTh yser BHeIIIHHX B03;n;eHCTBHH.

Ey;n;eM ;n;JI5I rrpOCTOThI c~aThB (3.1), srro a == const > 0, b(x) ==°rrpa d(x, an) > 3> 0, b(x) =bY',!lex, an)
npn d(x, an) ~ 3. 3.n;ech d(x, an) - paCCTOHHlle OT TOqKlI x 06JIaCTH n no ee rpanausr, b =const > 0, 3 =
=const > o. Tlpa 3TOM 3 BhI6llpaeTC5Ill3 YCJIOBllH 3- j

~ max [k(s)[ , rne k(s) - MaKCllMaJIhHa51 xpaaasaa
SE an

an B ToqKe s (aenpepsranaa ;n;JI5I CJIyqaH rJIa;n;KOH rpaaansr epYHKI.I,llH na KOMrraKTe).

BKJIIOqllM B (3.1) TaK)Ke MexaHll3Mhi nocrrpoaaaoncrsa rrorrYJI5IIJ;HH, sanaaaesasre qJIeHOM eu B rrpa­

BOH xacrn. B pe3YJIbTaTe nonyxasr ypasaeaae

a,u = aau +eu - (Y'x' b(x)u)
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C KpaeBhIMU YCJIOBU5IMU (3.2). To, qTO epYHKIJ;ll5I b(x) 5IBJI5IeTC5I paapsraaoa, HerrpUHIJ;UIlllaJIhHO, u60
ypasaeaae (4.1) MO)KHO 'rpaxronart. B CJIa60M CMhICJIe. 3gech napanerpsr e U b 5IBJI5IlOTC5I rrorrYJI5IIJ;u­
OHHhIMU: e onpenenaer nnonosarocn, B nonynsnurn, b - aKTUBHOCTh MexaHU3MOB anarrranan npu npa­
6JIU)KeHUU ocofia K rpannne 06JIaCTU rosreocraaaca.

3aMeTuM, qTO oneparop LA' rne 'A= {e, b}, 3agalOIIJ;UHnpasyro xacrr, (4.1) KaK LAu C xpaeasnta yc­
JIOBU5IMU (3.2), 5IBJI5IeTC5I caMOCOrrp5I)KeHHhIM OTHOCUTeJIhHO CKaJI5IpHOrO npoasaenenaa

(u, v) = fexp(Q(x))u(x)v(x)ax, rne Q(x) =min{d(x, an), '6 }(b/a) ,

n

TaK qTO ero cnexrp 5IBJI5IeTC5I nacxperasm (B CUJIY OrpaHUqeHHOCTU 06JIaCTU n) Ha60poM BeIIJ;eCTBeH­
HhIX coocrseaasrx 3HaqeHUH, UMelOIIJ;UM enaacrseaayro TOqKY crYIIJ;eHU5I B -00. Ilycrt, K(e, b) - MaKCU­
MaJIhHOe c06CTBeHHoe aaa-renae oneparopa LA' coorsercrsyromee BhI6paHHhIM 3HaqeHU5IM napasrer-
pOB e U b. l1MeeTC5I eguHcTBeHHa5I c06CTBeHHa5I epyHKIJ;U5I UA, COOTBeTcTBylOIIJ;a5I 3TOMy c06CTBeHHoMy

3HaqeHUlO:

(4.2)

rne UA = UA(x) ;::: 0, UA(x) =1= 0. BeJIUqUHY K('A) nanee 6ygeM nassraarr, MaKCUMaJIhHhIM nOKa3aTeJIeM

3KCnOHeHIJ;UaJIhHOrO pOCTa. 3agaqa 3BOJIlOIJ;UOHHOH OrrTUMaJIhHOCTU 3aKJIlOqaeTC5IB CJIegylOIIJ;eM. By­
geM npanaaars rronYJI5IIJ;UOHHhIM napaxrerpaxt 3HaqeHU5IU3 HeKOToporo MHO)KeCTBa A B npocrpancrse
napasrerpon, aystepyexroro uHgeKcoM 'A E A. 3aTeM BMeCTO onnoro ncxonaoro ypaBHeHU5I (nanpavep,
(4.1), (3.2)) paccMoTpUM cacresry ypanaemni, nyxrepyesn.rx 3TUM uHgeKcoM (gJI5I crry-raa (4.1) MO)KHO
CqUTaTh, qTO nann, gJI5I KOHeqHOrO aaoopa 'A 6ygeT BhIIIOJIHeHO uA(x, t) =1= 0). Ilpenrronosonr, qTO He-

KOTOpOMy nosrepy ~ E A coornercrsyer MaKCUMaJIhHhIH rroxasarern, 3KCrrOHeHIJ;UaJIhHOrO pOCTa rro
BpeMeHU B aanaxe (4.1), (3.2), paBHhIH HyJIlO. B JIUHeHHOM cay-rae rrOJIO)KUTeJIhHhle rrOKa3aTeJIU 3KC­
rrOHeHIJ;uaJIhHOrO pOCTa rrpasonar K neorpamrsennouy pOCTy pemenaa. BKJIlOqeHUe MexaHU3MOB JIU­
MUTUpOBaHll5I (aarrpasrep, KOHKypeHIJ;UU) rr03BOJI5IeT orpana-nrn, 3TOT POCT go KOHeqHhIX BeJIUqUH.
B pe3YJIhTaTe B03HUKaeT nexoropoe CTaIJ;UOHapHoe pacrrpenenenae. ECJIU OHO JIUHeHHO yCTOHqUBO,
TO cnexrp oneparopa JIUHeapU3aIJ;UU conoxynaoa CUCTeMhI, OrpaHUqeHHOrO na nonrrpocrpaacrso, CO­
OTBeTcTBylOIIJ;eeKaKOH-JIu60 U3 OTCyTCTBylOIIJ;UX B 3TOM rrOJIO)KeHUU KOMnOHeHT, 6ygeT JIe)KaTh CTPO­
ro BHyTpU JIeBOHrrOJIyrrJIOCKOCTU, B TO BpeM5I KaK caxro HeTpUBUaJIhHOe pacnpenerrenne coxpaaasnre­
rOC5I nana 6ygeT 3JIeMeHTOM 5Igpa sroro orrepaTopa, TaK qTO OTHOC5IIIJ;eeC5I K 3TOMy nany MaKCUMaJIh­
Hoe c06CTBeHHoe saa-reaae 6ygeT MaKCUMaJIhHhIM rro OTHorneHUlO K COOTBeTcTBylOIIJ;UM BeJIUqUHaM
gJI5I npyrnx BUgOB.

l1TaK, nYCTh CTaIJ;UOHapHoe penreane Ux. (x) 3agaqU (4.1), (3.2) 5IBJI5IeTC5I c06CTBeHHOH epyHKIJ;UeH

orrepaTopa Lx. npasoa qaCTU (4.1), cooTBeTcTBylOIIJ;eH MaKCUMaJIhHoMY c06cTBeHHoMy 3HaqeHUIO

K( ~), paaaosry HyJIlO. Ilpa 3TOM npyron BhI60p 3HaqeHUH rrorrYJI5IIJ;UOHHhIX napaererpos 'A"* ~ gOJI)KeH
naaarr, OTpUIJ;aTeJIhHOe K('A) B CUJIY rrpegrrOJIO)KeHU5I 06 UCqe3HOBeHUU cooTBeTcTBylOIIJ;UX UM BugOB,
TaK qTO

K('A) ~ K('A) = 0, 'A E A. (4.3)

QT06hI BMeCTO nayxnapaaerpasecxoro cesreacraa A napasrerpoa {e, b} OrpaHUqUThC5I onaonapa­
MeTpUqeCKUM ceMeHcTBoM, cnenyer BhIgeJIUTh KaKylO-JIu60 B3aUMOCB5I3h, onpenensesryio yCJIOBUeM
rana paneacrsa. ECJIU nonynaexroe B pe3YJIhTaTe TaKoH onepanan ceneacrao MO)KeT 6hITh onnosaas­
HO oxapaxrepasosaao OgHUM rrapaMeTpoM (narrpaxrep, b), TO UMeHHO rro OTHorneHUlO K HeMy MO)KHO
6ygeT peura'rs orrTUMU3aIJ;UOHHYlO sanauy (4.3), noncranna BhITeKalOIIJ;ee U3 CB5I3U nsrpaacenae gJI5I
BToporo napauerpa.

,UJI5I yCTaHOBJIeHll5I TaKoH B3aUMOCB5I3U BOCrrOJIh3yeMC5I rrpUHIJ;UrrOM "coxpanenna auepraa" gJI5I UH­
gUBugyaJIhHOH ocooa nonynsnaa. l1MeeTC5I B nany CJIegYlOIIJ;ee. 06IIJ;ee KOJIUqeCTBO aaepropecypca,
rronysaexoro oTgeJIhHOH OC06hlO y CXOgHhIX (r.e. ormcsraaextsrx napauerpasnr aa A) BUgOB, CqUTaeT­
C5I rrOCT05IHHhIM. Hacrt, ero nner' aa rronnepacaaae OCHOBHoro 06MeHa, xacrt, - na BhIIIOJIHeHUe OCHOB­
HhIX uHguBugyaJIhHhIX epyHKIJ;UH, xacrr, - na npouecc anarrranaa B cny-rae rrpU6JIU)KeHU5IK rpannne ro­
MeOCTa3a U qaCTh - na BhIIIOJIHeHUe rronYJI5IIJ;UOHHhIX (penponyxraaasrx) epyHKIJ;UH. ECJIU see qaCTU,
xposre rrocrrenaax unyx, xapaxrepaayesrsrx, COOTBeTCTBeHHO, rrapasrerpana b U e, CqUTaTh HeU3MeH­
HhIMU, TO 03HaqeHHhIM nsnne yCJIOBUeM rana paBeHCTBa cnenyer CqUTaTh rrOCT05IHCTBO HeKOTopOH
epyHKIJ;UU P(e, b), MOHOTOHHO B03paCTalOIIJ;eH rro e U b.
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Tlycrr, K1 - ynensasre aaeprosarparsr na BocrrpoII3BoP;CTBO, K 2 - na BOCCTaHOBJleHlIe pecypca, sa­
Tpa'IeHHOrO na ananrauaro B YCJlOBIIHX HaXO)Kp;eHHH B rrorpanaxaoa 30He (r.e, B 06JlaCTHQIi = {x E Q:

d(x, an) < 8}). C'IIITaH, qTO aarpaseansra pecypc nponopunonanen cpermejry BpeMeHII, nposenemro­
My Op,HOM OC06hlO B YKa3aHHOM 30He, xoropoe, B CBOIO o-repens, nporropnaoaansno none HHp,IIBII,n:yy­

MOB, Haxop;5UlI,IIXCH B HeM, MbI MO)KeM sanacars

(4.4)

r,n:e

u~ = fub(x)dx,

nb

Uh (x) - nOJIO)I(lfTeJIbHOe cramrorrapaoe pemenae JIIIHeMHOM sana-ra (4.1), (3.2), nonyseaaoe p,JI}/ HeKO­

roporo IIOp,XOp,HIlI,erO 3Ha'IeHHH nOCTOHHHoro napasrerpa e. IIoCKOJlhKY P;Jl}/ oneparopa LA.

K(e,b) = K(O,b)+e, (4.5)

TO, B cany npasenenm.rx BhIIIle paccyacnenaa, raxoe 3Ha'IeHHe e onpenenaercs ep;IIHCTBeHHhIM oopa­
30M (noarosty BMeCTO UA (x) C Ie = {e, b} MhI namexr Uh (x)).

B03HHKalOIlI,aH aanaxa rrOIICKa OrrTIIMaJlbHOrO 3Ha'IeHIIH b CBOP;IITCH, TaKIIM 06pa30M, K rrOIICKY )....

1I3 (4.3) rrpa OrpaHII'IeHII5IX (4.4). MCKnIOQa}/1I3 (4.4) napasrerp e, nonyxaexr C y'IeTOM (4.5) sana-ry

F(b) = K 1K(O, b) - K 2bRIi(b) max
b

(4.6)

(4.7)

C OrpaHH'IeHHeM (4.2) p;n5I Ie = (0, b). Ilocxonsxy 1I3MeHeHlIe napasrerpa e He snnaer na ee pemenae,

MbI MO)KeM BhI6paTb era anocrepaopno paBHhIM -K(O, b), CBOP;H TeM caMbIM (4.2) K crauaonapaojay

napnaary (4.1) npa xpaenstx ycnOBII}/X (3.2). CTa~IIOHapHoeypaanenae (4.1) C e = -K(O, b) HMeeT nan

(nanee Q' =Q\QIi' U(x) = Uh (x))

a~u(x) - bVu(x) - K(O, b)u(x) = 0, X E no,

a~u(x) - K(O, b)u(x) = 0, X En'.

YCnOBII5I CKneHKII ua an' onpenensuorca nenpepsranocrsro <PYHK~1I1I u(x) II paBeHCTBOM nyruo rro­

TaKa xepea an':
b(x)u(x) = a(Vu+(x) - VuJx), vex)),

rne vex) - ep,JIHH'IHbIM sexrop BHeIIlHeH (rro OTHOIIleHlI1O K n') HopManH K an' B TO'IKe x E an',
Vu±(x) = lim Vu(x±cv).

E -t +0

(4.8)

COOTHOIIleHJIe (4.8) MO)KHO norry-nrn, aarerpapoaaaaeu (4.7) rro 06elIM MaJlbIM nonyoxpecnroc­

T5IM an', IICIIOJIb30BaHlIeM reopenst CTOKca H rrOCJlep;yIOIlI,IIM cy)KeHHeM nony-iemrsrx COOTHOIIleHIIH

na an'.
MaTeMaTWleCKa5I IIOCTaHOBKa 3ap;aQII 3BonlO~IIOHHOMOrrTHMaJlbHOCTII CBOP;IITC5I, TaKHM 06pa30M,

K nOJICKy 3HaQeHII5I napaverpa b, MaKClIMH3lIpYIOIlI,erO <PYHK~IIOHaJl(4.6), y xoroporo sxonamae rra­

paMeTpbI TaKOBbI, 'ITO IIMeeT MeCTO (4.7), (4.8) B an' II (3.2) na an. IIPII 3TOM HelI3BeCTHbIMH 5IBn5IIOT­

C5I TaIOKe <PYHK~1I1I u(x) II K(O, b).

ECJlH (b, U (x) = Uh (x), K(O, b)) - pemenne rrOCTaBJleHHOM aana-m, TO, C y'IeTOM nHHeMHOCTH, H3 (4.8)

nony-raen, 'ITO U(x) 5IBn5IeTC5I TaK)Ke peurenaeu nroporo ypaBHeHlI5I (2l..7) npa xpaensrx YCJlOBII5IX

((v(X), Vu(x)) + cx'h(x)u(X))!XE an' = 0 (4.9)

C HeKOTopOH nonxonamea <pYHK~lIeH cx'b(X),

PeIIleHHe rrOCTaBneHHOM 3ap;aQH npoaenev p;n5I cnyxaa, xorna 06naCTb n 5IBn5IeTC5I n-MepHbIM (n 2 2)
maposr pannyca R. Taxoe orpannseaae HOCIIT IICKJlIO'IIITenbHO TeXHII'IeCKHM xapaxrep II CBH3aHO C

B03MO)KHOCTblO ormosrepasrx (snons pannyca) paccnorpeaaji B CIIJlY CBOMCTB clIMMeTpHII peIIleHHM.

)KYPHAJI BbI'II1CJll1TEJlbH0I1 MATEMATI1KII 11MATEMATI1QECKOI1 <I>l13l1Kl1 TOM 43 N22 2003
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I1TaK, nYCTb n = {x: [x] ~ R}. EygeM paCCMaTpHBaTb peIIIeHHSI nOCTaBJIeHHOH sana-ra, 3aBHCSI~He

TOJIbKO OT r =[x], Torna BMeCTO nepsoro ypaBHeHHSI (4.7) B nil = {x: RIl ~ Ixl < R, RIl =R - c)} HMeeM

au" + a(n - l)u'/r- bu' - b(n -1)u/r- K(O, b)u =° (4.10)

C KpaeBbIMH YCJIOBHSlMH aa an = {x: Ixl=R}

u(R) = °
BMeCTO (3.2) H B n' = {x: [r] ~ RIl } BMeCTO sroporo ypaBHeHHSI (4.7) HMeeM

au" + a(n -l)u'/r- K(O, b)u =°
C KpaeBbIMH YCJIOBHSlMH na an' = {x: Ixl =RIl }

u'(RIl) + (J.bu(RIl) = °
BMeCTO (4.9). 3gecb IIITpHXOM orjae-reaa rrpoaaaonnaa no r: u' =a,.u.

BMeCTO (4.8) nOJIyqHM

(4.11)

(4.12)

(4.13)

(4.14)

<PYHK~HSI Ub (r) gOJI)I(Ha ygoBJIeTBOpSlTb YCJIOBHSlM (4.10)-(4.12), (4.14) H 6bITb aenpepsrsaon na orpes­
xe [0, R], qTO, B qaCTHOCTH, osaaxaer ee OrpaHHqeHHOCTb B HyJIe. Hnrerpapya (4.10) no rOT RIl go R c

BeCOM r" - 1, nonysaexr

(4.15)

rge

R

UIl+(u) = frn-1u(r)dr.

Ro

113 (4.14) H (4.15) nonyaaex

a[Rn-1u'(R) - R~-IU'(RIl_o)] = K(O, b)UIl+(u).

Harerpnpys (4.12) C BeCOM yn-l no oTpe3KY [0, RilL nonysaea

aR~-lu'(RIl_o) = K(O, b) UIl_(u) ,

rge

Ro

Udu) = frn-1u(r)dr,

o

orxyna C yqeTOM (4.16) HaxogHM

aRn-1u'(R) = K(O, b)U(u),

rge

(4.16)

(4.17)

(4.18)

R

U(u) = Udu) + UIl+(u) =frn-1u(r)dr.

o

113 nOJIO)I(HTeJIbHOCTH u(r) H (4.11) B CHJIy (4.18) nonysaexr HenOJIO)I(HTeJIbHOCTb K(O, b) gJISI nrotisrx b.
Iloxasceu, qTO K(O, b) <°gJISI rnofioro KOHeqHOrO b ~ 0. ,!J;eHcTBHTeJIbHO, B CHJIy noxasanaoro, ans­

TepHaTHBoH MO)l(eT 6bITb TOJIbKO K(O, b) =°npa ncxoroposr b, qTO B CHJIy (4.18) BJIeqeT u'(R) =0, OT­

xyna B CHJIy (4.10)-(4.12) BbITeKaeT u(r) == 0, qTO rrporaaopesar npegnOJIO)l(eHHIO 0 HeTpHBHaJIbHOM

BbI60pe aeorpauarensaoro u(r).

0603HaqHM rerreps xepea K «(J.b) MaKCHMaJIbHOe c06cTBeHHoe snaxeaae K xpaenoji 3agaqH (4.12),
(4.13) B 06JIaCTH Q'.113 BapHa~HoHHbIXCBOHCTB c06cTBeHHbIx 3HaqeHHH BbITeKaeT MOHOTOHHoe y6bI­

BaHHe <PYHK~HH K, TaK qTO K «(J.b) ~ K (00) =Km > -00, rne Km - MaKCHMaJIbHOe c06cTBeHHoe snaaeaae
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OgHOpOgHOH xpaesoa 3agaqH J];HpHXJIe gml ypaBHeHH5I (4.12) B 06JIaCTH Q'. IIoCKOJIbKY a b B (4.13) BbI­

6llpaeTc5I TaK, qTo6bI K (a b) =K(O, b), TO npaaenenaoe paccyacneaae n03BOJI5IeT YCTaHOBllTb CJIegyIO­

mae anpnopaste oueaxa:

-00 < Km s K(O, b) <° 'v'b? 0. (4.19)

Ilam.aemnae paccyssnenna nanpaaneasr aa nonyseaae sepxaax H HIDKHllX OI.~eHOK cPYHKU;llll

K(O, b).

Bo-nepnsrx, 3aMeTHM, 'ITO cPYHKU;H5I K(O, b) 51BJI5IeTC5I nenpepsraaoa no aprysrea'ry b. 3TO cnenyer,
aanpmrep, ll3 aenpepsrsnocra TOqeqHOrO cnexrpa oneparopa no OTHomeHllIO K nogqllHeHHblM esry
B03My~eHll5lM (CM. [9]).

BO-BTOPbIX, B CHJIy (4.19) H YKa3aHHoH aenpepsmnocra, gJI5I JII06oro B >°HaHgeTc5I e(b) >°TaKOe,
'ITO

K(O, b) < -e(B) <° 'v'b E [0, B].

Bbl6epeM B TaK, qTo6bI

B(n -1) > -RKm .

Torna B CHJIy (4.19) HMeeM

ben - 1) > -rK(O, b) 'v'b > B, I' ~ R.

<l>llKcllpyeM Tenepb Va=-au'(R) > °II paccaorpaxr cacrexry

d}W = vIa, dyV = (bq+K)w+(q-bla)v

C w(y) = u(R - y), q = (n - 1) / (R - y), K = K(O, b) H HaqaJIbHbIMH YCJIOBll5lMll

w(O) = 0, v(O) = vo'

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

ua orpesxe y E [0,8]. 3Ta cacreva nOJIy'IeHa H3 ypasneuas (4.10) 3aMeHoH nepeaenuoa r = R - y C

yqeTOM (4.11). B cnyxae BbIllOJIHeHll51 (4.21), (4.22) OHa COXpaH5IeT nOJIO)J(llTeJIbHbIH xsanpaar {w ? 0,
v z O} cPa30BOH nJIOCKOCTll, 'ITO n03BOJI5IeT naxonarr, gJI5I ee penreaaa aepxaae II Hll)J(HHe oueaxa:

(4.25)

rne (w±(Y), v±(y» - COOTBeTCTBeHHO, sepxnee II Hll)J(Hee pemeana CllCTeMbI (4.23), (4.24), rrony-renasre
3aMeHoH B (4.23) BeJIllqHH q H K na, COOTBeTCTBeHHO, q± H let, rne q; = (n - l)/Ro' q_ = (n - l)/R, K+ = 0,
K_ =Km•

Cacreua (4.23), (4.24) llMeeT C q =const pemenae sana

-I A,} A,}
w(y) = (sb) voCe - e - ), (4.26)

rne s = [(a-I + q/b)2 + 4K/(ab)] 1/2, A1 2 =(b/a - q ±bs)/2.

Pemenae AJISI. W± (y) nOJIyqaeTC5Ill3 (4.26) 3aMeHOH q H K aa q± a x, COOTBeTCTBeHHO. Herpynao sa­
nert., 'ITO B CHJIy (4.21), (4.22) 6ygeT BblllOJIHeHO aepaseacrso AI(±)Ai±) < 0.

Teneps MO)J(HO noerpown, BepxHIOIO H HH)J(HIOIO oneaxa (;± gJI5I cPYHKU;Hll U(u) ll3 (4.18).

Ha'IHeM C Hll)J(HeH oueuxa, B xasecrae TaKoBoH gml UM H3 (4.15) MO)J(HO B351Tb lJi,+ =0. AJI5I ouea­
Kll U&- ll3 (4.17) 3aMeTHM, 'ITO, COrJIaCHO npaanany MaKcllMyMa gJI5I 3JIJIllnTll'IeCKllX ypasneaaa, nOJIO­

)J(llTeJIbHOCTll u II (4.18), u(r) ? u(Ro) npH I' E [0, Ro], TaK 'ITO, C yserou (4.25), (4.26),

R"

U oJu)? J/:' u(Ro)dr? W_(o)R~/n ? voCexp(A~ - eb),

o

rne e >°MO)J(eT 6hITb BbI6paHo npOH3BOJIbHO MaJIbIM, A~ =l.b + 0(1) npa b - 00, L> 0; C>°aa­
BllCllT TOJIbKO OT Bbl60pa e, B H BXO)J,HhIX napaxerpon (TO )J(e OTHOCllTCSI. II KO BceM nOCJIegYIO~HMC C

npyruua nnnexcava). I1TaK, HMeeM

U(u) ? voCexp [(L - e)b + 0(1)].

)l(YPHAJI BbI'II1CJUITEJIbHOH MATEMATHKH H MATEMAmqECKOH ct>H3I1K11 TOM 43 N2 2 2003
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D,JUI sepxnax Oll,eHOK llMeeM, B CllJIY (4.25), (4.26),
I) I)

U~+ =f(R-Yf-lw(Y)dY~Rn-lfw+(Y)dY~ v oC:exp(A7 +£b),

o 0

rne e >°npOll3BOJIhHOe, A7 =l.b + 0(1) npa b -- 00, 1+ > 0.

D,JI5I ouenxn csepxy U,&- rrpencranav u(r) B 06JIacTlr r E [0, RI)] B Bllp,e U(r) = u(RI)) + z(r). KaK Mhl

nunena, u(RI)) ~ W+(D), a z(RI)) =0, z(r) ~ 0, r ~ RI), TaK qTO z'(RI)) ~ 0. KpOMe 'rorc, B CIWY (4.16) II (4.19),
p,JUI z'(RI)) = u'(RI) - 0) llMeeM -z'(RI)) ~ vo(RoIR?- [/a = CYo. EOJIee roro, epYHKll,ll51 z(r) BhlTIyKJIa, 110­

CKOJIhKY i1z(r) ~ 0, TaK qTO z(r) ~ C:vo(RI) - r), r E [0, RI)]. Hnrerpapoaanae 1I0CJIep,Hero HepaBeHCTBa C

BeCOM r" - 1 110 [0, RI)] sanaer BepXHlOlO oueaxy qaCTll U '&-' COOTBeTcTBylOlIl,ylO z, qepe3 Vo II nxonnsre

nannsre,

Tlocrpoenae BepXHeM onenxn p,JI5I

e,

f r
n
-I u(RI))dr

o

npamnmaansno HllqeM He OTJIllqaeTC5I OT 1I0CTpOeHll51 HH)KHeM OQeHKll p,JI5I U,&-(u) (CM. ssnue). II03TO­

My p,JI5I Udu) llMeeM U,&-(u) ~ vol C: exp(A7 + £b) + C:R~+ 1 /[n(n + 1)]}; TaK qTO OKOHqaTeJIhHO

U(u) ~ voC+exp[(l+ + £)b + 0(1)1.

I13 (4.27) II (4.28) C yseroxr (4.18) nony-raesr

exp[(-l+ - £)b + 0(1)] ~ IK(O, b)1 ~ exp[(-L + £)b + 00)].

(4.28)

(4.29)

(3p,eCh Mhl yzce He namexr KOHCTaHThl nepen 3KCIIOHeHTaMH, 3arOH5I5I nx B CllMBOJIhl 0(1).) 3Tll aepa­
BeHCTBa BhlTIOJIHeHhl p,JI5I p,OCTaTOqHO 60JIhlllHX b (110 KpaMHeM Mepe, 60JlhlllllX B, rne B ns (4.22)).

I13 (4.29) II (4.20) C yqeTOM (4.19) cnenyer, qTO npn epllKCHpOBaHHOM K 2 H neorpaaavenao soapac­
raromeu K] B (4.6) anaxeaae napaverpa b, npa KOTOpOM p,OCTllraeTC5I MaKcHMyM epYHKll,llll F(b), 6yp,eT

neorpana-reaao YBeJIllqllBaThC5I, a coorsercrnyiomee eMy aaa-renne K(O, b) crpesmrsca K HyJIlO. IIo­

CKOJIhKY npn 3TOM (Xh ll3 (4.13) 3KCIIOHeHIl,HaJIhHO y6hIBaeT (ll60 (Xh = -u'(RI))/u(RI)) ~ CYolexp[(L - £)b +
+ 0(1)]), TO xpaessre yCJIOBH5I (4.13) 6yp,yT ace B 60JIhllleM crenenn IIpH6JIll)KaThC5I K xpaensna yCJIO­

Bll5lM nenponauaewocru.
EllOJIOrHqeCKllM CMhlCJI yaena-renna K03epepllll,lleHTa K 1 npn epllKcllpoBaHHoM K2 3aKJIlOqaeTC5I B

ynernrsenaa "CTOllMOCTll" penponyxrnnnoro npouecca 110 cpasneaaro C 3aTpaTaMH na anarrrauaro. Ec­

JIll p,JI5I MaJIhlX ero 3HaqeHllM MaKcllMyM epYHKll,llll F(b) MO)KeT p,OCTllraThC5I npa MaJIOM b (B03MO)KHO,

naace paaaosr HyJIlO), qTO osaaxaer HeBhlrO}:\HOCTh (B aaepreranecxon CMhICJIe) sarpar na anarrramno

B yutepo nJIOp,OBllTOCTll, TO npa 60JIhlllOM K] rrpasrenenae saunrrm.tx MexaHll3MOB, oanaaaronmx yse­

na-renae b, 51BJI5IeTC5I 60Jlee 3epepeKTllBHh1M. Ha MHOrOqllCJIeHHhlX 6ll0JIOnrqeCKllX npavepax, 1I0p,­

rnepacnarourax 3Tll xa-recrnenm.re BhIBOp,hl, Mhl OCTaHaBJIllBaThC5I He 6yp,eM.

Ilanee 3aMeTllM, qTO BTOPOM qJIeH B (4.6) 6hW BhlTIHCaH TOJIhKO B xa-recrse B03MO)KHOrO npanepa.
Ero Bllp, Hll B xaxax nansaeiunax paccyacneaaax He epllrypllpOBaJI (HaM 1I0Tpe60BaJIaCh TOJIhKO ero He­

IIpephlBHOCTh na nceri 1I0JIyOCll b ~ 0). EOJIee neram.asre paccsrorpeuaa noxaat.maror-, qTO 'ra ero rpop­
Ma, KOTOpa51 6hwa llCnOJIh30BaHa B (4.6), n03BOJI5IeT naxomrn, p,JI5I Ka)Ki'J,hlX KOHKpeTHhlx K 1, 2 HeKOTO­

poe KOHeqHOe b ~ 0, peanasyromee MaKcllMyM B (4.6). Ilpa npyron ssioope BTOpOro -mena B (4.6) (na­

IIpHMep, B cay-rae, xorna OH BhIXOp,llT na KOHcTaHTy npa b -- 00 6hlcTpee, qeM expj-f, - £)b], MO)KHO

p,06llThC5I 'roro, qTO MaKcllMyM F(b) nocruraerca rrpa b -- 00 p,JI5I KOHeqHhlX K 1• TaKoM sapaaar COOT­

BeTcTByeT peanasarran (B CMhlCJIe epllHaJIhHOM CTap,HH 3BOJIlOIl,llOHHOro nponecca) xpaensrx YCJIOBllM

nenpommaeaocra C qHCTOM Bllp,e. CJIyqaM npOH3BOJlhHOrO Bllp,a aroro qJIeHa epaKTHqeCKll y)Ke 6hIJI

paccaorpen II npoanrepnperaponan asnue. B p,aJIhHeMllleM 6yp,yT HCIIOJIh30BaThC5I xpaesste yCJIOBll51

nenpoaauaenocra B xaxecrse yp,06HOM armpoxcmramra 60Jlee peanacra-msrx Op,HOpOp,HhIX YCJIOBllM

p,JI5I rperi.ea xpaesoa sana-ra; npn 3TOM 1I0p,pa3yMeBaeTc5I BhICOKa51 CTOllMOCTh sneproaa'rpar na IIPO­

necc 6ll0JIOrHqeCKOrO aocrrpoaasoncrsa B nonynauaa.

IIpHBep,eM nexoropsre co06pa)KeHH5I, n03BOJI5IlOlIJ,He 06n5lCHllTh nOJIyqeHHhle pe3YJIhTaThI "na

nansuax" II IIpHMTll K nexoropsm p,OnOJIHllTeJIhHhIM BhlBop,aM, xoropsre HaM 1I0Hap,0651TC5I HH)Ke.
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YBeJIHqeHHe (go 6eCKOHeqHOcTH) napasrerpa anarrrauan b C TOqKH 3peHH5I B03HHKaIOIll,eH B Q' xpa­

eBoH aana-ra (4.7), (4.9) osaaxaer, KaK MhI BHp;eJIH na pa306paHHoM npliMepe, YMeHhIlleHlie (no HyJI5I)

aOCOJIIOTHOH BempUIHhI MaKCHMaJIhHOrO coocrseanoro 3Ha"IeHli5I K(O, b), OCTaIOIll,erOC5I orpanarens­
HhIM npa KOHeqHhIX b. 3Ta OTpHll,aTeJIhHOCTh HMeeT eCTecTBeHHhIM OHOJIOrHqeCKHM CMhICJI, 03Ha"IaIO­

Ill,liH, 'ITO nonycxaercs TOJIhKO BhIXOg II3 OOJIaCTH Q' (IIJIII, OOJIee TOqHO, npeasnnenae qIICJIa OCOOeH,

napaverpra KOTOphIX rroKIIgaIOT 06JIaCTb Q', Hap; qIICJIOM 'rex, napauerpsr KOTOphIX nonanaro'r B nee

II3BHe). B TaKOH HHTepnpeTall,IIII II3MeHeHIIe 3HaKa K 6hIJIO OhI OIIOJIOrIIqeCKII OeCCMhICJIeHHhIM. 3TO

03HaQaJIO OhI B03MO)1(HOCTh oopamoro npemaymecraennoro nepexona rpaaausr OOJIaCTH rOMeOCTa­

snca, T.e. npespamenne MepTBhIX B )1(HBhIX. UJI5I paaooparmoro npnsrepa HepaBeHCTBO (4.19), KaK MhI

rrOMHIIM, BhITeKaJIO H3 HeOTpHll,aTeJIhHOCTH peilleHII5I H HyJIeBhIX rpaaa-msrx yCJIOBHM P;JI5I OOJIaCTII

Q::J Q'. UJI5I 3TOrO)1(e npnaepa, KaK nerpynno BII)l;eTb, ab ~ 0, 'ITO TaK)Ke osna-raer B03MO)1(HOCTh aa­

rrpaBJIeHII5I rrOTOKa TOJIbKO napyxy, HO y)1(e B Ka)1():\OH TOqKe rpaaausr. Bep5I B xaxecrae IICXogHOH rII­

rrOTe3Y 0 B03MO)KHOCTII TOJIhKO TaKIIX xpaenstx yCJIOBIIH, npa KOTOphIX rrOTOK qepe3 rpaanuy B Ka)1(­

)l;OH TOqKe aanpaanea TOJIhKO napyzcy, MbI MO)l(eM HCrrOJIh30BaTh ee H )l;JI5I ypaBHeHHH, OTJIIIqaIOIll,IIXC5I

OT (4.8) BKJIIOqeHHeM B JIeByIO qaCTb KOHBeKTIIBHhIX qJIeHOB. KaK aerpynno BIIp;eTh, HeOTpIIll,aTeJIh­

HOCTh ab BgOJIh ncefi rpanansr ao' 5IBJI5IeTC5I AOCTaTO'lHhIM yCJIOBIIeM P;JI5I HerrOJIO)1(IITeJIhHOCTII K(O, b),
TaK 'ITO )l,JI5I )l,aJIbHeHUIllX paccyscnenati Mhl MO)1(eM OrpaHIIqIIThC5I TOJIhKO rrOCJIe)l,HeM, OOJIee CHJIhHOM

rIIrrOTe30M.

ECJIII rrpIIH5ITb aa aoopyxcenae 3Ty ,n:orrOJIHHTeJIhHyIO rIIrrOTe3Y, a BMeCTO napasrerpa b sapsapo­

san. ¢YHKll,HIO ab(s) 113 (4.9). s E ao, 0p;H03HaqHO BhIpa)1(aBIllYIOC5I B npensinynrax paCCMOTpeHH5IX qe­

pea b B Ka)1(p;OM TOl.{Ke S (TaKOH nonxon, KOHeqHO, cyIll,eCTBeHHO paCIllHpIIJI ObI rrpOCTpaHCTBO napsa­

pyesrsix nepenemn.ix, nonnexcantax BbIqIICJIeHIIIO 113 npIIHll,IIrrOB 3BOJIIOll,IIOHHOM OrrTHMaJIhHOCTII,

l.{TO B TepMIIHax anarrrauaonnsrx MexaHII3MOB OhIJIO OhI 3KBIIBaJIeHTHO sasreae rrOIICKa O)l;HOrO napa­

MeTpa b y ¢YHKll,IIII b(x) =bVa(x, an) na rrOIICK rrpOII3BOJIhHOM rpa)l;IIeHTHOH ¢YHKll,IIII) C TeM, qTOOhI

rrOJIyqIITh MaKcIIMyM ¢YHKll,IIII P =K1K(a) + K71(a), rne a =a(s) II3 (4.9), af- nonxonannn« oopaaou
onpeneneansni ¢yHKll,IIOHaJI, TO rrpii OrpaHIIl.{eHHOM K 2 II HeOrpaHIIqeHHO B03paCTaIOIll,eM K] MO)1(HO

6hIJIO OhI yCTaHOBHTh, 'ITO OrrTHMaJIhHhIe a(s) BeJIH ObI ce05I TaKHM oopasosr, qTOOhI IK(a(s»1 YOhIBaJI

P;O HyJI5I C pOCTOM K!. TaKIIM ofipasoxr, npu oxens OOJIhillOM CTOIIMOCTII nocnpoaasoncraa (OOJIhillOM

K 1) 3BOJIIOll,IIOHHO OrrTIIMaJIhHhIMII 5IBJI5IIOTC5Ixpaessre yCJIOBH5I, OJIlI3KlIe K YCJIOBII5IM aenpoaanaeuo­
CTII (cosnanaroutae C HIIMII B rrpenene npa K 1 ----- 00). HarrOMHIIM, 'ITO yCJIOBII5I HerrpOHIIll,aeMOCTII ­

3TO TaKIIe xpaessre yCJIOBH5I, rrplI KOTOpbIX rrOTOK xepes rpaaauy pasea HynIO. Tlocxonsxy, B carry rII­

noreasr, rrOTOK -repes rpaaany nanpasnea TOJIhKO napyacy, TO, OygyqlI nenpepsmaoji ¢YHKll,lIeH OT

TOqKH rpannnsr p,n5I YKa3aHHOM aCIIMnTOTIIKII, OH p,OJI)l(eH CTpeMIIThC5I K HynIO (nOCKOJIhKy B nporna­

HOM cnyxae K He OYAeT YObIBaTh no Hyn51 - 3TO cnenyer 113IIHTerpIIpOBaHII5I KOHBeKTIIBHoro aaanora

ypaBHeHII5I (4.8) rro OOJIaCTII 0).

5. H3MEHEHHE KOPPETI5IUHOHHbIX XAPAKTEPHCTHK

B CITY1.IAE HEI1POHHUAEMOCTH rPAHHU

PaCCMOTpIIM npnaep II3MeHeHII5I KOppen5Ill,IIOHHhIX xapaKTepIIcTIIK y CIICTeMhI xacrau conep­

IllaIOIll,IIX cny-rajiasre onY)1():\aHII5I B BhIIIyKJIOM OrpaHIIqeHHOH OOJIaCTII C rJIap;KOM nenpoaanaesroa rpa­

HIIll,eM, B cny-rae B03HIIKHOBeHII5I aanpaanennoro cnoca. KaK MhI BIIp,enii nsnne, TaKa5I CIICTeMa MO)l(eT

ObITb onacana ypasaeuaesr (3.1), B KOTOpOM napauerpsr a II b MoryT CqIITaTbC5I rrOCT05IHHhIMII. I1pII

3TOM AII¢¢Y3HOHHhIH napaxerp a > 0 xapaxrepasyer IIHTeHCIIBHOCTh CJIyqaHHhIX OJIy)l(p,aHIIH, a rrapa­

MeTp b - seicrop cnoca.

TIOCKOJlbKY AJl51 ypaBHeHII5I (3.1) rrOTOK xapaKTepII3yeTC5I BeJIWUIHOM bu - aVu, TO ycnosae nenpo­

Hln~aeMOCTIIrpamnu.i IIMeeT BlIP;

(bu-aVu, V)lilQ = 0, (5.1 )

me v - BeKTOp naemneii uopnarra K TOqKe rpaHIIll,hI ao oonacrn n c ~n.

I1YCTh s(b) E an - TaKa51 TOqKa rpaaarrsr, 'ITO cos(b, v(s(b») = 1, T.e. uexropsr b II vtstb) napan­

nensnsi. TIOCKOJIhKY otinacn, 0 BhIIIyKna5I, a rpaamra dO rJIa)l;Ka5I, TO )l;JI5l JIIOOOrO sexropa b E ~n
ToqKa s(b) cymecrnyer, II ronsxo 0AHa, B cnyxae orimero rrOnO)1(eHII5I (rrocxonsxy MHO)1(eCTBO BeKTO­

pOB b, )l;OCTaBn5IIOIll,IIX TaKyIO e)l;IIHCTBeHHOCTb, 5IBn5IeTC5l OTKphIThIM BCIOp,y nnOTHhIM MHO)1(eCTBOM,

TO B cnyxae ee HapYilleHII5I BeKTOp b scerna MO)1(HO cxons yronno Mano "nomeaemrn," no ero nanpas­
JIeHli5IM, qTOOhI II36aBIIThC5I OT aroro napyureaas).
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PaCCMOTpllM TaKOH rpy6bIH CJIyqaH: TOqKa s(b) SlBJISleTC5I TOqKOH Mopca AJISI an, T.e. eCJIlI BBeCTlI

B Iffin opTOrOHaJIbHylO ClICTeMY KooPAlIHaT C~eHTpOM B s(b) C KOMnOHeHTaMlI (XI' ••. , xn) TaK, qTo6bI -xn
6bIJIO HanpaBJIeHO BAOJIb b, TO B OKpeCTHOCTlI s(b) rpamnta anMO)l(eT 6bITb npeACTaBJIeHa B BlIAe

rne see a, > 0 B ClIJIY BbITIyKJIOCTlI. B AaJIbHeHIIIllx paccyacnenaax 6YAeM araopaponari, cnaraexroe
o(x2) , qTO nonycraxro B TeM fionsmea creneaa, qeM 60JIbille no a6COJIlOTHOH nerraxane sexrop b, no­

CKOJIbKY C ero pOCTOM Macca (r.e. arrrerpan OT nJIOTHOCTlI u no nexoroposry JIOKaJIbHoMY 06'heMy B

06JIaCTlI Q) see B 60JIbilleH creneaa 6YAeT KOH~eHTpHpoBaTbcSIB ospecrnocra TOqKH s(b).

B cnysae B03HlIKHOBeHlISI YCTOHqllBOrO pacnpeAeJIeHlISI penrenae aanaxa (3.1), (5.1) He 6YAeT 3aBlI­

cers OT BpeMeHlI, TaK qTO MbI MO)l(eM orpananarsca CTa~lIOHapHbIMypaaneaaen

aSu - (b, Vu) = O.

Pernenae sanasn (5.2), (5.1) 6YAeM paccsrarpanarr, B 06JIaCTlI

n = {x: x, ~ A(x')}, rne x' = (x], ... , Xn_I), A(x')

(5.2)

Ero MO)l(HO lICKaTb B BlIAe u(x) = v(xn) , TaK qTO AJI5I v(xn ) HMeeM

av" - bv' = 0, xn ~ A(x'), -av' + bv = 0, x; = A(x'). (5.3)

B (5.3) nepnoe ypasnenae BbITeKaeT lI3 (5.2), a sropoe -lI3 (5.1). IloCKOJIbKy nepsoe rrOJIyqaeTCSI

lI3 BTOpOro <popMaJIbHbIM AlI<p<pepeH~lIpOBaHlIeM,TO BCSI ClICTeMa (5.3) 3KBlIBaJIeHTHa ee BTOpoMy

ypasnenaro. paccaarpaaaeaosry yace BO acea 06JIaCTlI Xn ~ A(x'). Ilocnennee lIMeeT peurenae BlIAa

(5.4)

,I:J;aJIee AJISI pacsera K03<p<PlI~lIeHToBKOppeJISI~lIlI6YAeM BbI6l1paTb B xaxecrae <PYHK~lIlI sepoar­
HOCTHoro pacnpenenenas HaHAeHHoe peurenae u(x). 3aMeTHM, qTO B BepoSlTHoCTHOH anrepnperanaa

<PYHK~lI5Iu(x) AOJI)l(Ha 6bITb HOpMlIpoBaHHoH, T.e. fnu(x)dx = 1, xero scerna MO)l(HO Ao6l1TbC5I B ClIJlY

JIlIHeHHOcTH aanaxn (5.2), (5.1).

IlOCKOJIbKy rrpennaraesroe nocnenyromee paccuorpeaae 5IBJISleTC5I 3JIeMeHTapHhIM, HO oaeas rpo­
M03AKlIM B cny-rae rrpOll3BOJIbHOH paasrepnocrn n, TO AJISI ynpomeana BbIKJIaAOK II 60JIbilleH HarJISlA­

HOCTlI orpanaxaaca cny-raesr n = 2. Torna MbI MO)l(eM nonararr, x = Xm Y = x', TaK qTO n = {(x, y):
x ~ ay2}. Bsroepej« rrapy nepestenasrx u a n, JIHHeHHO 3aBlICSllll,HX OT Xli y, TaK qTO (J..l, 11)T =Vex, y)".
EYAeM CqHTaTh, qTO MaTpH~a V opTOrOHaJIbHa, T.e. V-I = if. 3TO oauaxaer, qTO opTOrOHaJIhHhlH pe­

rrep (J..l, 11) rrOJIy'IaeTC5I lI3 perrepa (x, y) noaoporoxr na aexo'ropsni yrorr <p, TaK qTO eCJIlI

V = IIm,)I,,] ~ 1,2' TO mll =mn =coso =c, m21 =-m12 = sirup =s.

Hanra rrOCJIeAYlOlll,a5I nens - orrpeAeJIlITb 3aBlIClIMOCTb K03<p<PlI~HeHTaKOppeJI5I~lIlIMe~y u a 11
OT BeJIlIqllHbI b. K03<P<PlI~lIeHT KOppeJI5I~lIlI 6YAeM pacc-rm-sma'rt, rro rpopsryne

2 2 1/2
K(J..l,11) = M[(J..l- MJ..l)(11- M11)]/{M[(J..l- MJ..l) ]M[(11- M11) ]}

npa YCJIOBlIH HOpMlIpOBKlI M1 = 1. 3Aecb M - JIlIHeHHbIH lIHTerpaJIbHbIH oneparop BHAa

M'V(x, y) = f'V(x, y)u(x, y)dxdy,

n

(5.5)

rne u(x, y) - penrenae sanasa (5.2), (5.1).

B COOTBeTCTBlIlI C (5.4), npa Va = ll1MeeM u(x, y) =u(x) = exp(-yx), rne y= b/a.l13 (5.5) BHAHO, qTO

BbI60p naxana xoopnaaar AJISI ClICTeMbI {u, 11} He lIMeeT 3HaqeHH51, sr-rpaacenae AJI5I K{J..l, 11) He lI3Me­

HlITC5I npa ero nepesremeaaa. Iloarosry nonaraeu, qTO OHO cosnanaer C HaqaJIOM xoopnanar ClICTeMhI

{x, y}.
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Bee ,qaJIbHeHillHe BbIKJIa,qKH 6a3upYIOTCH aa CJIe,qyIOm;eM COOTHOIIIeHMM (CM. [10, 3.381.4]):

(xla)112

J/e-rx J /dxdy = 0,

o -(xla) 112

l HeqeTHO,
(5.6)

2f(v)/[(l + 1)a(/+ l)f2'l], v = k + 1 + (l + 1)/2, l qeTHO.

B (5.6) BeJIMqMHbI k, l IJ;eJIbIe HeOTpMIJ;aTeJIbHbIe, raMMa-<PYHKIJ;HH BbPIHCJIHeTCH TOJIbKO B nOJIyn;eJIbIX
roxxax:

1/2 2nT(» + 1/2) = (2n - 1)!!1t 1

(HanOMHMM, 'ITO (2n -1)!! =1 ·3·5· .... (2n - 1». Bsenex TaIOKe 0603HaqeHMe M, =MkQ. Herpynao

snners, 'ITO Mil = muMI' MTj = m2lMl, M(Il- M1l2) = mil (M2- Mi) + mi2MOZ, M(11 - M11)2 = m;[ (M2-
2 2 2

- M I) + m22Moz, M[(f.!-Mf.!)(Tj-MTj)] =mumzl(Mz - Md + m12mZZMoz·

IIOJIOJoKMM f t =f(l/2), l IJ;eJIoe. Torna Moo =2fJ(a'f)1/z. 3TO paBeHcTBo npa yCJIOBHH HOpMHpOBKH

Moo =1 naer (ay')I(2 =2f3, TaK qTO C yqeTOM (5.6) nonyxaeu

z
M I = f 5/f3'Y, M2 = f 7/f3'Y , Moz = f 5/(af3) ·

IIOJIOJoKHM

Torna ,o;JIH K(Jl, 11) HMeeM

z z 2 2 1/2
K(f.!, Tj) = cs(M -Moz)/[(c M + s Moz)(s M + c Moz)] .

BM,o;HO, 'ITO 3HaMeHaTeJIb sneer, 3aKJIIOqeH Me)l(,ll;y M H Moz. B qHCJIHTeJIe asrpasceaae M - Moz =

=(aif; )-1[(f7f3 - f~)a - yf3f5] MeHHeT 3HaK npa B03pacTaHHH y (a 3HaqHT, H b) OT 0,0;0 00. B xacr­

HOCTH, npH cs > 0 (aanpmrep, xorna yrorr <p OCTpbIH) K(Il, 11) npotieraer 3HaqeHIDI OT 1 (npa 'Y --- 0)

,0;0-1 (npa 'Y--- 00).113MeHeHHe a OT 0,0;0 00 npn <pHKcHpoBaHHoM 'Y,o;aeT npoTHBOnOJIO)I(HbIH 3<p<peKT.
B cay-rae cs < 0 (TynoR yron <p) narrpasneaae H3MeHeHIDI K03<p<PHIJ;HeHTa KOppeJIHIJ;HH MeHHeTCH aa

rrporasononozcaoe.

npHMep: <p = 1t/4.Torna c =s = 1/21(2, K(f.!, Tj) =(M - M02)/(M +Moz)=[a(f7f3- f;) - yf3f5]/[a(f7f3­
2

- f 5 ) + yf3f5] --- 1 npa b --- 0 (a --- 00) H cTpeMHTcH K -1 npn b --- 00 (a --- 0).

3aMe'IaHHe. CXO,o;HMOCTb K --- 1 npIf b --- 0 RBJUleTCR apretpaxrosr napa60JIlftIeCKOH: armpoxcaaanan
rpaamrsr 06JIaCTIf B OKpeCTHOCTIf 3KCTpeMaJIbHOH: (OTHocn:TeJIbHO HanpaBJIeHIfR sex'ropa caeca) TO'IKn:. KaK OT­

Me'IaJIOCb nsnne, 3Ta armpoxcnaanaa TeM TO'IHee, 'IeM 60JIbllIe b. Ilpn b --- 0 cymecrnenaoe BJIIfRHHe na K
OKa3bIBaeT ¢opMa 06JIaCTH. TaK, nanpauep, B cnynae, KOr,I:\a Q - xpyr, npa b =0 ,o;JIR opTOrOHaJIhHhIX Jl H 11
HMeeM K(Jl, 11) =O. llOCKOJIhKy MaJIaH nyra OKpy)KHOCTn: AOCTaTOqHO TOqHO B OKpeCTHOCTH O,o;HOH: as CBOHX TO­

'leK annpoxcaaapyerca rroAXOAH~eH:napaeonoa, TO AJIH TaKOR 06JIaCTH MbI 6y,o;eM Ha6mOAaTb ysenaseaae a6­

COJIlOTHOR sena-raasr K03¢¢ll~n:eHTaKOppeJIR~n:HOT 0,0;0 1.

BnOJIHe eCTeCTBeHHO O)l(Hj:WTb aHaJIOrHqHOe noseneaae P;JIHa6COJIIOTHOR BeJIHqHHbI H npa BbI60pe

06JIaCTeH npyroa reOMeTpHqeCKOH <pOPMbI. B cnysae npocrpaacrsa 60JIee BbICOKOH pa3MepHoCTH

aHaJIOrOM 3TOH BeJIHqHHbI HBJUUOTCH <pyHKIJ;HH seca KOppeJIHn;HOHHoro rparpa, xoropsre H BblqHCJIH­

IOTCH B aarypnsrx sxcnepanearax na KOHKpeTHblx ofrsex'rax,

6. EI10nOfl11.JECKI1E IIPI1MEPhI

Paccaorpasr nsa npaxepa npHMeHeHHH pe3YJIbTaTOB npe,o;bI,o;YIIJ.HX pa3,o;eJIOB K KOHKpeTHbIM 6HO­
JIOrHqeCKHM CHCTeMaM.

1. I1cCJIe,o;oBaJIOCb BJIHHHHe CHJIbHOrO BHeUIHero B03,o;eHcTBIDI ua aaraoxcananrnyio cacrexy
(AOC) opraaaswa KpOJIHKa. AOC - 3TO CHCTeMa, yqaCTBYIOm;aH B HeHTpaJIH3aIJ;HH TOKCHqeCKOrO ,o;eH­

CTBHH cB060,o;HbIX pa,o;HKaJIOB H aexoropsrx npyrax coenaaeaaa aa opraasr H TKaHH )l(HBbIX opraaas-
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MOB. B xaxecrne BHenIHerO B03AeHCTBM5I OrrbITHa5I rpyrrrra KpOJIMKOB normepraercs OrpOMHOH XOJIeC­
TepMHOBOH aarpysxe (KOJIMqeCTBO XOJIeCTepMHa rrpeBbIIllaeT ero sna-reaae npn 06bIqHOM pauaone
KpOJIMKOB npmrepno B 10 pas). KOHTpOJIbHylO rpyrrrry KpOJIMKOB KOpM5IT 06bIqHbIM IIIIIIIeBbIM paIlli­
OHOM. Ilocne 3a6MTM5I KpOJIMKOB nony-taror AaHHbIe rro pa3JIMqHbIM 6MOXMMMqeCKMM rrOKa3aTeJI5IM B
nexoropsrx oprauax, B KaQeCTBe 6liOXMMliQeCKMX noxaaareneji, xapaxrepasyiomax AOC, 6bIJIM B35I­
TbI CJIeAYIOIIIMe: cynepoxcannacsryraaa, KaTaJIa3a, rrnoraraonnepoxcanaaa, AMeHoBbIe KOHblOraTbI,
rJIIOTaTlioHpeAYKTa3a, MaJIOHOBbIe AMaJIbAerMAbI, BMTaMMHbI rpyrrrr A M E. I1cCJIeAOBaHMe srarexrara­
qeCKOH aana-m, MOAeJIMpylOIIIeH AMHaMMKy 3TMX noxasarenea, 6bIJIO nponeneno B paoore [11]. B aa­
CT05IIIIeH crarse MbI BbIQMCJI5IeM nee KOppeJI5IIIMOHHOro rparpa, pacc-nrrsrsaeaoro KaK cyMMa BeCOB
ero pe6ep:

G L Ir,J,
Ir, ,1 2 0 5

rue r, 1- K03epepMIIMeHT KOppeJI5IIIMM Me)l(AY i-M Mj-M rrOKa3aTeJI5IMM. IlpMHMMaJIlICb BO BHlIMaHlIe AO­
crosepusre K03epeplIIIlIeHTbI KOppeJI5IIIlIlI He HM)I(e 0.5. OCHOBHOH BbIBOA, YCTaHOBJIeHHbIH npa rrpose­
AeHlIlI KOppeJI5IIIlIOHHOro aHaJI1I3a, 3aKJIIOQaeTC5I B TOM, QTO Y KpOJIlIKOB, rrOABeprIlllIXC5I BHeIllHeH na­
rpysxe, G npmiepao B 1.3 pasa rrpeBOCXOAlITTOT )l(e rroxaaarern, y KpOJIlIKOB, TaKOH narpysxe He non­
BepraBIllMXC5I . .IJ:aHHbIH pe3YJIbTaT BrrOJIHe YAOBJIeTBOplITeJIbHO cornacyercs CBbIBOAaMli npensmymax
pa3AeJIOB 06 YBeJIlIQeHlIlI KOppeJI5IIIlIOHHbIX B3aMMOCB5I3eH napaverpos opraaaasra rrplI BHeillHeM
crpecce,

2. I1cCJIeAOBaJIOCb noseneaae pa3JIlIQHbIX BMAOB pacreana B Ay6H5IKe pasnoji crerrean nerpananna
(non B03AeHcTBlIeM BbITarrTbIBaHlI5I). B KaQeCTBe 06beKToB BbI6paHbI rrorrYJI5IIIlIlI pacrenaa sopom,e­
ro rnasa, KOrrbITH5I, MeAYHlIIIbI M 3eJIeHQYKa. B xa-recrse lICCJIeAyeMbIx rrapasrerpon 6bIJIM B35ITbI CJIe­
AYIOIIIlIe: BbICOTa nooeron, AJIlIHa xopaeii, AlIaMeTp xopaen, QlICJIO xopaen, rrJIOIIlaAb JIlICTBbI, rrJIO­
ll.l,aAb xopneii 1I06beM xopnen. Bnemnee B03AeHcTBlIe (BbITarrTbIBaHMe) 6bIJIO iWYX BlIAOB: yMepeHHoe
1I ClIJIbHoe. KOppeJI5IIIlIOHHbIH aHaJI1I3 rrOKa3aJI, QTO npa ysrepeaaoa BbITarrTbIBaHlIlI sec KOppeJI5IIIli­
onaoro rparpa YBeJIlIQlIJIC5I OT 1.35 AO 3.5 pasa B 3aBlIClIMOCTlI OT BlIAa pacrenaa rro cpaaaenaro CHe­
HapYIlleHHbIM TpaB5IHbIM nosposov. IlPlI ClIJIbHOMBbITarrTbIBaHlIlI G erne YBeJIlIQlIJIC5I OT 1.2 AO 1.8 rro
cpasneaaro C yxrepemrsn« B03AeHcTBlIeM. EOJIee rroAP06HO Cpe3YJIbTaTaMlI npmrepa 2 MO)l(HO 03Ha­
KOMlITbC5I B [12].
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